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Prediction of jet �ows in the supersonic nozzle and di�user
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SUMMARY

The authors’ recently-developed code for a needle-free powdered vaccine delivery device, the epidermal
powdered inject system (EPI), is summarized in this paper. The behaviour of supersonic jet �ows, which
accelerate micron sized powdered vaccines to penetrate human skin or mucosal tissue, is therefore of
great importance. A well-established modi�ed implicit �ux vector splitting (MIFVS) solver for the
Navier–Stokes equations is extended to study numerically the transient supersonic jet �ows of interest.
A low Reynolds number k–� turbulence model, with the compressibility e�ect considered, is integrated
into MIFVS solver to predict the turbulent structures and interactions with inherent shock systems. The
results for the NASA validation case NPARC, Venturi and contoured shock tube (CST) of the EPI
system are discussed. Copyright ? 2005 John Wiley & Sons, Ltd.
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1. INTRODUCTION

A needle-free device for epidermal delivery of powdered vaccines and=or drugs has been
reported [1]. This epidermal powdered injection system (EPI) uses a transient supersonic jet
to accelerate micron sized vaccines (in general sense, any particle in micro-form) to a velocity
su�cient to penetrate the outer layer of human skin or mucosal tissue. The performance of
the EPI system depends on controlling both particle velocity and distribution. The behaviour
of the supersonic or sonic jet issuing from a converging–diverging nozzle or a di�user throat
is therefore of great importance.
The objective of the present study is to perform numerical investigations of supersonic jet

�ows by extending a well established modi�ed implicit �ux vector splitting steady solver
(MIFVS) to a transient solver, integrated with a compressible low Reynolds number k–�
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turbulence model. An important consideration in the development of the MIFVS has been the
establishment of an implicit di�erence scheme and eigenvalue analysis of the matrix for the
Navier–Stokes equations [2, 3].
This paper is organized as follows: Section 2 highlights the main features of the numerical

methods employed for the transient MIFVS solver. This numerical approach is �rst calibrated
in Section 3 by qualitative comparisons with the NASA validation case, NPARC. In Section 4,
new insights into the EPI delivery system will be extensively explored through presenting and
analysing the results obtained for two di�erent EPI devices, one using a Venturi e�ect to draw
particles into the gas stream (Venturi), the other based on a shock tube design, referred to as
a contoured shock tube (CST). Finally, we draw some conclusions.

2. NUMERICAL METHOD

2.1. Governing equations

The Reynolds averaged Navier–Stokes equations (RANS) for an axisymmetric �ow are written
in a conservative �ux-vector-splitting form and in generalized co-ordinates [2], with the source
terms of Ŝ1 and Ŝ2 originating from cylindrical co-ordinates, as
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2.2. Implicit formulation

An implicit formulation of the RANS equations has been developed over the past few years,
which uses the spectral radii technique to simplify the calculation and at the same time avoids
the approximate-factorization (AF) to increase the time step and stability [2].
Implicit formulation for Equation (1) is constructed, in the semidiscrete delta form, as
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n+1)

@�i

−�1s�Un+1 +
2∑
i=1

@(�vi�Û n+1)
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Û n+1 = Û n + �Û n

where �±
i ; �vi; �1s and �2s are the spectral radii of Jacobians of the convection, dissipation

and source terms. �Û n is evaluated in the explicit step through �ux vector splitting (FVS)
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where (�−(•))=��i, (�+(•))=��i and (�c(•))=��i denote backward, forward and central
di�erence, respectively.
It has been demonstrated that the present implicit formulation is adequately e�cient when

FVS is employed, while maintaining a high level of robustness and accuracy. The multigrid
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strategy, in conjunction with a local time step, is implemented to further accelerate conver-
gence in the MIFVS solver [2, 3].

2.3. Turbulence model

In this study, a low Reynolds number k–� model proposed by Chien [4], with Sarkar’s
compressibility modi�cation [5], is implemented into the MIFVS code to simulate the
turbulence boundary layer and its interaction with shock waves.
The mathematical equation for the low Reynolds number k–� model is reformulated into

the same form as Equation (1). Therefore, it is pretty straightforward to extend the methods
of implicit formulation and eigenvalue analysis of RANS equations.

2.4. Transient calculation

The MIFVS has proven to be very e�cient for many steady problems [2, 3]. However, this
time-dependent solver is no longer accurate for transient calculations. Dual time stepping is
thus carried out to provide an e�cient time-dependent solution of unsteady �ows.
By introducing a pseudo time (or �ctitious time) �, the governing equations can be

reformulated as

@Û
@�
=
@Û
@t
+ R(Û )=R∗(Û ) (3)

where t is a physical time (or real time), and R∗(Û ) denotes a pseudo residual while marching
in the pseudo time, �. The real time residual, R(Û ), can be derived from Equation (1).

2.5. Multiblock structure and computational grid

In order to generate a better quality grid for di�erent zones of interest, multi-block topology is
employed. In each zone, a speci�c distribution, a smooth combination of linear and logarithmic
functions across the nozzle radial direction, is accomplished to re�ne the mesh near a wall to
ensure the boundary layer resolution.
The results presented in this paper have been veri�ed to ensure grid-independent solutions.

3. VALIDATION

The NASA validation case, NPARC, which involves a ‘submerged’ turbulent supersonic
jet emanating from an axisymmetric converging–diverging Mach 2.22 nozzle [6], is �rstly
calculated using the MIFVS method.
Figure 1 plots Mach number contours. A very similar �ow �eld pattern is shown in the

literature [6]. A turbulent shear layer develops downstream from the nozzle lip, and grows
linearly as the jet entrains �uids from the surrounding medium. The shear layer reaches
the jet axis between 25R and 26R (R is the radius of the nozzle exitplane) downstream
of the nozzle exit, enclosing a region of Mach 2.2 �ow. Note that Mach number contours
near the nozzle exit show the occurrence of periodic vortex shedding even in the current steady
nature of the calculation. In detail, the representative velocity pro�le is plotted in Figure 2, at
the position where x=R=73:80 downstream of the nozzle exit. Here, prediction by the present
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Figure 1. Contour plot of Mach number.
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Figure 2. Velocity pro�les.

method is compared with the result obtained from the MIFVS solver with the standard k–�
model and with experimental measurements. The simulated velocity distribution, using the
Spalart–Allmaras one-equation model by NPARC [6], is also plotted. In all the comparisons,
the present MIFVS solver with the modi�ed k–� turbulence model gives the best agreement.
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This code is then applied to prototypes of the EPI system based on the Venturi principle
(Venturi [7]) and a contoured shock tube (CST [8, 9]), respectively.

4. RESULTS AND DISCUSSION

4.1. Venturi powder injection system

One form of the EPI system, called a Venturi device (Venturi, Figure 3), utilizes the Venturi
e�ect to entrain powders. The Venturi device has been developed and intensively investigated
experimentally and analytically [7]. MIFVS calculations are performed here in an attempt
to gain some insights into the �ow characteristics of the Venturi system, to provide some
fundamental understanding and optimize the aerodynamic design.
We simulate two typical operating conditions for the Venturi device, nominally 35 and 25bar

for the upstream total pressure. The conditions of interest represent the upper and lower bounds
of the particle delivery window. The calculated Mach number pro�les are compared with
experimental measurements in Figure 4. The experimental data were obtained from Pitot probe
and nearby static pressure transducer measurements (shown in Figure 3) by using the Rayleigh
Pitot tube formula. Generally, the exit Mach number distribution is in good agreement with
measurements for the lower (25 bar) condition. However, the asymmetric distribution for the
higher (35 bar) condition is not observed due to the nature of the axisymmetric solver. The
complexity of interactions between shock waves, the turbulent boundary layer and the free
shear layer, can be best appreciated in velocity magnitude contours, Figure 5.
The calculations lead to a closer examination of unsteadiness near the separated jets.

The calculation turns transient when the solution reaches convergence. The quasi-periodic
phenomenon, due to the overexpanded nozzle condition, is illustrated in Figure 6. Figure 7
corresponding power spectra obtained by FFT analysis for the pressure history over
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Figure 3. Con�guration of prototype Venturi.
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Figure 4. Mach number along Venturi exit.
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Figure 5. Calculated contour plots of velocity magnitude.

shows the 100 periods. The dominant frequency of 1:69e+ 5Hz is found. The corresponding
Strouhal number, based on the inlet diameter and jet velocity of Venturi device, is equal to
0.222.

4.2. Contoured shock tube system

The CST device uses a particle cassette (consisting of a rigid cylinder, capped top and bottom
with a polymeric membrane) to hold the vaccine particles. When the driver helium gas is
released, both membranes of the cassette rupture and the vaccine particles are entrained in the
transient shock tube �ow. The shock tube is gradually increased in diameter in its downstream
portion, hence the term ‘Contoured Shock Tube’ [8, 9]. One variant of the CST system is
shown in Figure 8.
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Figure 6. Variation of instantaneous pressure.
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Figure 9 presents variations of Mach number with time at the CST exit. The Mach num-
ber pro�le calculated using a commercial software, Fluent (Fluent Inc., U.S.A.), is plotted
for comparison. Figure 9 illustrates a typical nozzle starting process. The �ow is initiated
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Figure 9. Mach number histories at the CST exit.

by a primary shock (indicated by a sudden Mach number rise), which opens a transient
starting process, followed by a contact surface and a secondary shock wave, �nally reaching
a quasi-steady supersonic �ow region (QSSF). The Mach number of the QSSF predicted by
the present approach is 2:067, compared with the analytical derived value, 2:062, and experi-
mental measurement, 2:14±0:4 (Mean±Standard deviation). Meanwhile, a slightly lower level, 2:027,
is calculated by virtue of the Fluent code. In general, the starting process is well modelled
in terms of shock strength, termination time and the QSSF level.
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5. CONCLUSIONS

An e�cient numerical solver, MIFVS, has been extended to solve the transient supersonic
jet �ows generated for epidermal delivery of powdered vaccines. A low Reynolds number
k–� turbulence model, with the compressibility e�ect considered, has been implemented and
demonstrated to be numerically stable, accurate and e�cient for solving the supersonic jet
�ows through extensive comparisons with the NASA validation case, NPARC, and prototypes
of the EPI delivery system. Results obtained show good agreements with experimental data
and other published numerical results, the main �ow features being well predicted.
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